Abstract
Introduction
Fluid mechanics is a major application for vector field visualization. A velocity field contains the answers to many of the important questions of phycisists and engineers and, due to rotation, the velocity can usually not be described by a gradient field, so an analysis of a single scalar field does not capture the whole structure. Since fluid mechanics is an essential part of the aerospace and automotive industries, there is a strong need for better analysis and visualization methods. Topology has been used in fluid mechanics for several years to interprete experiments and deduct theoretical results, see [4] , [5] , [19] .
These ideas provided the foundation for the use of vector field topology for the analysis and visualization by Helman and Hesselink [10] as well as Globus et al. [8] .
Mathematically, vector fields are geometric representations of differential equations, and the number of experimental and numerical data sets defined by discretized vector field is growing rapidly. The analysis and visualization of the resulting data sets still pose challenges to the visualization community.
One standard method is based on topological analysis of vector field data, see [10] , [8] , [28] . These methods require an analysis of the whole vector field to provide answers on the structure, and certain methods may also miss certain features [14] . For this reason, several local analysis algorithms have been developed that are based on topology or related concepts like derivative and eigenvector analysis, see [24] , [13] .
In this paper, we localize the concept of topology analysis by concentrating on an arbitrary region inside a 2D vector field that we analyze without using information outside the region. It turns out that a substantial extension of the standard algorithm for topology analysis is necessary to accomplish correct local analysis. Besides the critical points, one has to analyze the boundary of a local region based on inflow or outflow conditions. This analysis allows us to determine additional separatrices that make, in a topological sense, a separation of the local region into areas of topologically uniform flow possible.
The mathematical background is developed in Sections 2 and 3. Some special cases concerning piecewise linear vector fields are discussed in Section 4. In Section 5, we prove the correctness of the algorithm for several analytical examples. Especially, we highlight the effect of including the boundary of a polygonal region into the analysis of a field. Section 6 shows results for two computational fluid dynamics (CFD) data sets. In Section 7, we provide conclusions and illude to further research.
Vector Field Topology
The study of topology of vector fields is based on several basic theorems from the theory of ordinary differential equations, see [1] , [9] , [11] , [16] , [22] , [23] . We survey the important terms and results for planar, steady vector fields: 
Concerning the theorem on existence and uniqueness of integral curves, the Lipschitz condition has to be satisfied: One can now formulate the existence and uniqueness theorem: 
is called Figure 1 shows a source in the upper part. All integral curves around the critical point start at this critical point. In the lower part, a sink is shown. Every integral curve in the neighborhood ends at the sink. We restrict our consideration further to simple critical points. For the analysis of a vector field, one has to determine the asymptotic behavior of all its integral curves. This is done by analyzing the union of all integral curves starting or ending at the same critical point, called basin. 
It can also be divided into disjoint
Proof: Every point belongs to exactly one stream line. By the assumption, the stream line has to start at one of the critical points or at the boundary, so it is in one of the basins. This gives the first partition.
The second partition is given by a look at the end of a stream line.
The topological structure is given by all intersections between 
Local vector field topology
In most practical applications, the domain of a vector field is finite. It is usually either the union of all the cells of a finite-element or finite-difference grid or the convex hull of scattered data points without connectivity. Topologically, this means that a vector field is defined over a closed and bounded, i.e., compact, subset of the real plane. The analysis of a vector field should reflect this property. However, current visualization algorithms used to date do not do this. The main reason for this is the fact that standard algorithms operate on the whole domain of a vector field, and the flow is typically very simple on the boundaries. The boundary is either a solid boundary, where the flow is set to tangential flow (often zero), or it is an open boundary, where the flow has a simple structure. In a wind tunnel experiment, for example, there is one inflow region and one outflow region. We, by contrast, want to analyze an arbitrary compact region inside the domain of a vector field. We will show that one has to analyze the boundary completely to obtain a correct analysis. For this purpose, we generalize some of the terms of the last section. This explains also some possible structures at infinity, since infinity plays the role of the boundary.
The first change concerns Lemma 2.5. Since we must consider a boundary now, an integral curve in a Lipschitz-continuous, steady vector field might start or end on the boundary. One might imagine a vector field over the whole plane with a compact region cut out of it resulting in the given vector field.
The integral curves are also cut; they still can be continued inside the local region, but they may end or start on the boundary. The topological situations around an outflow point, an inflow point and a boundary flow point are sketched in Figure 3 . In most practical applications, the vector field has a piecewise linear boundary. This case will be handled explicitly in Section 4. The inflow and outflow regions play the role of sinks and sources. 
The region
Proof: Every point belongs to exactly one stream line. This stream line has to start at a critical point,
i.e. a source, sink or saddle, or at the boundary, i.e., an inflow region, an outflow region or a boundary saddle, since we excluded other Figure 4 shows the decomposition into these intersections for the simple vector field used above. One can describe the topological structure of the vector field by drawing the critical points, boundary saddles and the integral curves starting or ending at the saddles and boundary saddles. In the figure, the information about the vector field structure can be given by the red, blue and green elements.
Linear local vector field topology
This section deals with the specific cases to be considered for a piecewise linear vector field defined over a triangulation in the plane. This case will occur in all the examples shown in Sections 5 and 6. The changes and additions to the previous section deal with the situation on the boundary. One has to deal with the vertices of a polygon, i.e., the boundary is not a smooth curve. We use scalar products of the vector field at certain positions and outward normals of the boundary edges to analyze the vector field.
Together with the procedure from [10] , one can construct an algorithm extracting the local topology.
We assume that the domain 
holds, then the integral curve through
holds yields the same results. holds yields the same results.
Proof

Proof:
The upper-left corner of Figure 7 shows a typical situation for case (C1), with outflow around g . By reversing all vectors and curve orientations, one obtains the inflow for negative scalar products.
Case (C2) is described in the upper-right corner of 
Examples
The theoretical considerations from the last sections aim at an analysis of vector field topology including the boundary. The first examples provided in this section show the effect of this analysis on the understanding of topological vector field structure. They are based on the study of vector fields given by polynomial equations. The construction of these fields is based on considerations based on Clifford algebra, see [27] , [26] . We briefly review the main topological properties discussed in [27] , [26] . We start with a vector field containing two sinks and two sources in a rectangular area. The conventional analysis, based on the separatrices starting at saddle points alone, will find no separating curves at all, so the user is left with the question of how the two sources and sinks interact. This can be seen in is now easy to understand the interaction of the sinks and sources.
As mentioned before, this example was constructed using an analytic field description. The structure of the entire field is shown in Figure 10 . The small white box marks the domain of our example. There are three saddle points where 12 separatrices start. The importance of the saddles for the standard analysis is seen by comparing the result inside the rectangle with the result shown in Figure 8 .
Our next example involves two sources and a saddle point on a plane segment. The simple structure is shown together with some integral curves in Figure 11 . If one cuts out a rectangular area containing the saddle point, one will miss all the separatrices starting at the saddle point. Performing local topology analysis, however, it is possible to analyze the field, correctly, see Figure 12 . There are three boundary saddles: One is inside an edge, and the other two are on concave corners, see Section 4. These separatrices replace the separatrices starting at the saddle point in the global topology shown in Figure 11 . They assure the separation of the basins of the two sources and the basins of the inflow regions on the boundary. There are obvious differences between the global and local topology. For comparison, we show all separatrices and integral curves together in Figure 13 . It can be seen that the separatrices starting on the boundary are strongly influenced by the placement of the boundary but also by the existence of the saddle point in the overall vector field.
Application
We have applied the local topology extraction to a vortex breakdown simulation. Vortex breakdown is a phenomenon observed in a variety of flows ranging from tornadoes to wing tip vortices (Lambourne and Bryer [15] ), pipe flows (Sarpkaya [25] , Faler and Leibovich [7] , Leibovich [17] , Lopez [20] , [21] ) and swirling jets (Billant et al. [2] ). The latter flow are important to combustion applications where they are able to create recirculation zones with sufficient residence time for the reactions to approach completion. The numerical simulation of this type of flow requires an accurate method for the solution of the initial/boundary value problem of the Navier-Stokes equations. The incompressible Navier-Stokes equations are set up for this purpose in cylindrical domains, which may be bounded or unbounded.
Analytic mappings are applied to the radial and axial directions to map the physical domain onto the unit cylinder and to control the distribution of grid points. Cylindrical coordinates are well suited for this geometry since they allow Fourier decomposition with respect to the azimuthal direction. However, the metric coefficients produce singularities at the coordinate axis which must be carefully analyzed (Eisen et al. [6] ) to ensure stability and accuracy for the simulation of 3D flows. It can be shown that the azimuthal Fourier modes of scalar, vector and tensor variables possess well defined symmetry properties with respect to the radial coordinate and satisfy radial growth laws near the axis depending on the wavenumber. A hybrid spectral finite-difference method (Canuto et al. [3] ) based on stream functions for the azimuthal Fourier modes is used for the simulations. The solver allows the choice of second to eighth order for first and second derivatives as explicit central difference operators (Kennedy and Carpenter [12] ) or third to ninth order upwind-biased differences (Li [18] ). High order filters are used to provide the numerical dissipation to stabilize the system if central difference operators are applied to the convective terms (Kennedy and Carpenter [12] ). Runge-Kutta-type time integration methods with minimal storage requirements (Williamson [29] , Kennedy and Carpenter [12] ) were implemented and the third and fourth order version are currently available in the solver. The Navier-Stokes solver is applied to the vortex breakdown in incompressible jet flows with supercritical swirl numbers (Billant et al. [2] ), and the results are used for the topological analysis presented in the previous sections.
The boundary conditions at the nozzle entrance section were determined in accordance with the experiments of Billant et al. [2] . They measured the axial and azimuthal velocities at
which show a distinct dependence on the swirl number It is possible to use multiple regions of interest in the same data set that can be analyzed independently.
One may also use arbitrary polygons as boundaries. This is demonstrated in our second analysis of the same jet data set for which we chose three regions, as shown in Figure 17 . One region covers a part of the backstream besides the main inflow jet. The second region shows a part of the rectangle we used before. Neither of these two regions contains critical points, which documents the necessity of boundary
analysis. The third region shows the mixing process of the jet and the fluid downstream. Figure 18 shows the first two regions in more detail. One can see clearly forward-and backward-facing flow. Without an analysis of the boundary, one obtains no separatrices due to the lack of critical points inside the two regions. The third region is shown in more detail in Figure 19 . Since the analysis is limited to a rather small area, it can be analyzed quickly. In the figure, one can spot several separatrices spiraling around critical points. The critical points inside these areas have Jacobians with complex conjugate eigenvalues, thus there are spirals; the real parts of the eigenvalues may have small absolute values, and a stream line in the neighborhood of the critical points approaches them very slowly. Closed stream lines might be present.
Conclusions and Future Work
We have presented a method to analyze the local topology of arbitrary regions in 2D vector fields.
Our idea is based on an extraction of the critical points in the domain and an examination of the region's boundary. By determining the inflow, outflow, and boundary flow segments one can separate the domain into regions of topologically uniform flow. A detailed analysis of the possible cases in a piecewise linear flow allows local structure extraction for analytical and gridded data sets. We have outlined the differences to the global topology algorithm in theory and applications, demonstrating the relevance of our localized approach when applied to regions with complicated flow patterns on the boundary. This case is typical for most interesting regions inside a larger data set. Another important situation that we studied is the absence of critical points in a region that provides interesting structure, like backward facing flow. Our algorithm detects these areas and separates them from other parts of the flow leading to better visualizations of local flow structure. Since the local topology analysis does not use any information outside a region of interest, it is very attractive when analyzing large data sets locally and thus reducing computing time significantly.
We plan to extend our ideas to vector fields defined over 3D domains. We will also apply our algorithm to other data sets to gain a deeper understanding of the relation between local and global topology.
Besides 3D domains, an analysis of time-dependent simulations is one final goal. The analysis in this paper is linited so far to steady flow, since pathlines will cross each other, especially in a turbulent flow like our application. New ideas are needed to accomplish an analysis over time, but we believe that topology provides a framework to find new ways for analysis and visualization. Figure 1 . Around a source, every integral curve starts at the source; around a sink, every integral curve ends at the sink. 
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